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Reasoning

Why we need 
mixed models in 
GWP

Mixed Model 
Equations

How to create the 
MME

Variance 
component 
estimation

Going 
bayesian

Bayesian 
framework

Solving 
algorithms

How to solve the 
equations system

How to estimate 
variances of 
random effects



Mathematical representation of biological processes
P=G+E
yi=gi+Ei

macroenvironment microenvironment

xii

Cohort, diet, farm, year, age, 
location, parity, sex,

Unknown or difficult to measure 
effects (residual)

yi=EnvironmentalEffects + gi + ei

yi=Xibi +Zigi+ei



Mathematical representation of biological processes
P=G+E
yi=gi+Ei

Additive Dominance

Generates additive variance

yi=Xibi +Zuiui+Zdidi+Zeiu#ui+Zeiu#di+...+ei

Epistasis

yi = Xibi + Zuiui + e’i

Hill et al (2008) https://doi.org/10.1371/journal.pgen.1000008

https://doi.org/10.1371/journal.pgen.1000008
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Linear mixed models
yi = Xibi + Zuiui + e’i

“Fixed” terms
“Random” terms (assume some known distribution to the effect)



Linear mixed models: Mixed Model Equation (EMM)
yi = Xibi + Zuiui + e’i Example of 

fixed effects 
(mean, and an 
effect with 2 
levels)

Example of 
random effect 
with 3 levels 
(ignoring the 
covariance 
structure)



Linear mixed models: Mixed Model Equation (MME)
yi = Xibi + Zuiui + e’i

When X and Z are too large, 
inversion of matrices is very 
computationally demanding, 
there are linear combinations, 
and solving the system becomes 
cumbersome.
Henderson proposed MME



Linear mixed models: Mixed Model Equation (EMM)
Increased complexity

yi = Xibi + Uiui + Wipi + Zuiui + e’i



Linear mixed models: Mixed Model Equation (EMM)
Marker regression

yi = Xibi + Zuiui + e’i

Decomposing the polygenic effect into the sum of SNP effects



Variance component estimation
Methods

Estimate residual, genetic, permanent, marker, ... variances 
● ANOVA
● Maximum Likelihood (ML)
● Restricted Maximum Likelihood (REML)
● Minimum Norm Quadratic Unbiased Estimation (MINQUE I, II, III)
● Minimum Variance Quadratic Unbiased Estimation (MIVQUE)



Solve MME
Algorithms

● Gauss-seidel 
● Choleski decomposition
● Preconditioned conjugate gradients (PCG)
● Gauss-seidel with residual updates



Solve MME
Algorithms

 2,000 records
11,000 SNPs



Solve MME
Gauss Seidel with Residual Update

y corrected for all effects except the  jth effect, is 
equal to the current vector of residuals plus the 
current estimate of the jth effect.
Then, we can compute this jth effect.

We update the residuals with the new jth effect 
solution.

      are constant, so they can be precomputed, 
updating vector products and residuals at each 
iteration, speeding up the algorithm

Solution from 
previous iteration

Updated solution in 
the new iteration



Bayesian framework

Assume a model for the data

Bayes theorem



Assume a model for the data

Bayes theorem

Bayesian framework



Assume a model for the data

Bayes theorem

...proportionality

Bayesian framework

y=data
𝚹= unknown parameters, coefficients, variances, ...



Assume a model for the data

Bayes theorem

...proportionality

Choose priors

Bayesian framework



Assume a model for the data

Bayes theorem

...proportionality

Choose priors

Make inferences using McMC algorithms (Gibbs sampling, acceptance rejection, 
Metropolis-Hasting)

Bayesian framework



Bayesian framework

The Bayesalorian



EXAMPLE
Create MME and solve the system using 
residual updates

ID trait Diet SNP1 SNP2

1 20 1 1 2

2 25 1 1 1

3 30 2 0 2

4 35 2 0 1

5 20 3 2 1

6 30 3 2 0



HOMEWORK
Solve the mixed linear model 

trait=mu+age+Diet+SNP1+SNP2+e

Using Gauss-Seidel with residual 
updates, with residual variance = 40 and 
SNP variance = 3.

ID trait Age Diet SNP1 SNP2

1 93 25 1 0 0

2 90 30 1 1 0

3 115 35 2 1 2

4 110 20 2 2 2

5 87 22 3 2 1

6 70 29 1 0 1

7 100 31 3 1 2



HOMEWORK
Solve the mixed linear model 

trait=mu+age+Diet+Cohort+e

Using Gauss-Seidel with residual 
updates, with residual variance = 40 and 
cohort variance = 30.

ID trait Age Diet Cohort

1 93 25 1 1

2 90 30 1 2

3 115 35 2 1

4 110 20 2 2

5 87 22 3 3

6 70 29 1 3

7 100 31 3 3


